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Two  simple  distribution-rree  tests  of  goodness  of  fit 

Z-  W.  Birnbaum  and  Victor  Kuang-Tao  Tang 


Summary » 

^  If  X  has  the  continuous  cumulative  distrihution  function  I? 

and  X, ,  Xp,.‘.,  X  is  a  sample  of  X  then  each  of  the  two 

7  -E. 

statistics  F  •  ^  >  F(X^)  and,,  for  n  odd,  U''  =  median  of 

CfCXj^)  ,  •  • « ,F(X^)]  has  a  prohability  distribution  independent  of  P» 
Tests  of  goodness  of  fit  based  on  these  statistics  are  proposed, 
some  numerical  tables  are  presented,  and  pov;er  and  consistence  of 
the  testa  are  discussed. 

!■>  Introduction. 

1.1.  Basic  concepts. 

Let  and  be  two  families  of  cumulative  distribution 

functions.  A  real-valued  function 

b(x^,  Xg,...,  G) 

is  called  a  s  tat  is  tic  in  id  with  regard  to  when  for  every 

G  eii  and  every  F  sH.’  the  following  rt quirements  are  fulfilled: 
if  Xp,...,  X^  are  identically  independently  distributed  (i.i.d.) 

random  variables  with  the  c.d.f.  F  then 

(i)  S(Xj ,  Xp**'**  Xjj,  G)  is  defined  except  for  a  set  of 
probability  zero  in  (X^,  X^),  and 

(ii)  W  c  S(X^,  fO  has  a  jirobability  distribution, 

v;b.ich  V7i;il  be  denoted  I:;- 
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P[3(Xj^,  G)  ;  F]  «  P(Wi  P)  » 

For  exaiaple,  consider  X-^,  X^*-**,  X^^  i'.i*d.  with  probability 
density  N(a.,  C'^)  ,  and  let  be  the  faunily  of  all  normal 

distributions-  Then 

W  »  S(X.  Xjj,  G)  =  (i  E  -  3S(j(X))/C*q(X) 

i*l 

is  a  statistic  In  vr.r«t.^'* 

If  iTii  =*  and  the  statistic  S(X^5  X2?****  X^,  G)  has  the 

pjxpsrty  thai:  the  probability  distribution  PCSCXj^,  ’'p***"*  X^,  G)  j  G] 
is  independent  of  G  for  G  s  iQi  ,  then  the  statis'.ic 
S(Xj^,  Xg*”**'  Xj^,  G)  is  called  distribution-free  with  regal'd  to  SX 
(d.f  .w-r«t .  )• 

lc2»  Statistics  of  structure  (d)» 

A  statistic  X^,-**,  X^,  G)  is  said  to  h..ve  structure  (d) 

v/ith  respect  to  ^  if  there  exists  a  function  (|)(uj  ,  '*n^  such 

that,  for  every  G  e  •Tli  , 


»  ^n*  ,  ^(X^)  3  ' 

V/e  shall  from  now  on  denote  by  2  class  <  f  all  continuous 

one-dimensioial  cumulative  distribution  functioras.  "he  following 
theorem  will  be  repeatedly  used* 

1*2*1*  Theorem. A  statistic  of  .tructure  (d)  is  d;  stribution 
free  w*r*t*  *51^ 


2  c  The  I*  statistic* 

?.l.  Definitions  and  basic  properties  of  file  statis'dcs  F  and  U,^* 
If  is  3  saaiple-  of  a  r-ai'dou  -vax-able  X  • 
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which  has  the  C"dofo  F  e  Si  then  -  P(Xj^),...,  »  F(X^) 

form  a  sample  of  the  random  variable  U  with  uniform  distribution 
on  (0,1).  Since  E(U)  »  ^  and  (T^CU)  •  it  follows  that  the 

?  statistic  defined  by 

(2.1.1)  TP  -  I  S  F(X.) 

“i-1  ^ 

has  the  expectation  and  variance 

(2.1.2)  E(?)  ■  ^  ,  C‘^(1')  =  . 

We  standardize  ?  and  obtain  the  statistic 

(2.1o3)  «  {l2n  (P  -  |) 

with  expectation  and  variance 

E(UJ)-  0,  7^(U*)  -  L  . 

Since  Ujj  is  of  structure  (d),  it  is  by  1.2.1  a  distribution 
free  statistic  w.r.t.  SI  2.  Its  probability  distribution  can  be 
calculated  exactly  for  small  n  by  evaluating  the  convolution  of 
n  random  variables  with  uniform  distribution  on  (0,1).  For 
example,  for  n  «  2  one  has 

2s^  for  0  <  s  <  ^ 

(2.1.5)  p{y2^®]  • 

1  -  2(1  -  e)^  for  5  <  s  <  1. 
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hence 


(2^.6) 


kl  +  for  -  <  U  <  0 

^  /6  *" 

1  -  i(l  -  7—)^  for  0  <  u  <  ^/T. 

^  Ve  “  “■ 


According  to  the  central  r.imit  theorem,  converges  in 

distribution  to  N(0,1)  with  n  oo,  and  numerical  calculations 
have  shown  that  this  convergence  is  so  fast  that  al.ready  for  n  » 
there  is  practically  no  difference  between 


and  (Ku)  . 

f2ii' 


“  ■? 

e  ds  » 


-00 


8 


* 

The  statistic  offers,  therefore,  the  practical  advantage 

that,  if  }.  has  the  given  distribution  F>  the  probability  distribu- 

4 

tion  of  can  be  computed  exactly  for  n  small,  say  n  <  10,  and 

from  then  or  the  normal  approximation  can  be  ur.ed» 


2.2»  The  t"  tests. 

?.2.1«  The  one-sided  test. 

V/e  consider  the  hypothesis 

H  :  X  has  c.d.f.  F(x)  e  2 

and  the  one-sided  alternative 

A  :  X  has  c.d.f.  A(x)  aucsh  that  A(x)  >  F(x) 

for  all  X 

and  A(t)  4  for  some  ^  ^ 

I  cr  ^  sv^ini+’icance  l^vei  t-.  r. '):i  o  rrJ :  c  ;  (  1; 


be  so  determined  that 


“n.a 

(2.2. 1.1)  I  »]  -  a. 

hence  also 

(2.2«1.2)  P  {U*  <  -  I  I'i  •  «  • 

We  then  define  as  our  region  of  re^jectlon 


(2-2. 1.3) 


U_  <  -  u„  „ 
n  n^a 


In  view  of  (2. 2. 1.2)  this  test  has  sise  a  . 


2.2.2  Tabulation  of  critical  values  u„  ^  . 

U^OC 

Let  X  denote  a  random  variable  with  uniform  probability 
distribution  on  (-1,  -t-l),  and  let 


be  the  mean  of  a  sample  of  X.  A  table  of  the  exact  values  of 

<  sj  for  8,  proceeding  by  steps  of  .01,  had  been  previously 
computed  for  n  »  2, 3, a, 3,6,  and  10,  and  was  available.  Hahing 
use  of  this  table  and  of  the  relationships 
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the  equations 

pfu*  <  -u^  =  P  (U*  >  =  a 

I  n  n,aj  i  n  n,aj  I  n  } 

were  solved  by  quadratic  inverse  interpolation  for 
a  *»  •05*  •025-*  “01,  <.005*  Tiae  results  are  presented  in  Table  !• 
The  last  row,  r,  »  <d,  contains  values  tedcen  from  the  normalized 
normal  distribution- 


Lower  bound  for  the  power- 

V/e  assume  that  F,  G  Ei!!^  g,  and  that  X  has  the  c-d.f-  G.-, 
30  that  F  is  the  hypothesis  and  G  the  alternative-  We  assume 
furthermore  that 


G(x)  >  F(x) 


G(f)  «  P(^)  +  6  for  a  given  f  , 

as  indicated  in  Figure  1. 
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TABLE  I 

Values  u_  ,,  such  that 

* 


n,a 


HUn..  <  -  %.  J  >  “n.al 


»05 

b 

i 

„01 

.005 

2 

1 067499 

1.90641 

2.10318 

2.20454 

3 

1«66116 

1.93737 

2.2170c 

2.37861 

k 

1.65127 

1.93969 

2.25180 

2 .44472 

5 

1.65047 

1.94253 

2,26631 

2.47462 

6 

1 064945 

1.94572 

2.27647 

2.49383 

10 

1.64764 

1.95161 

2.29725 

2.52692 

00 

L . . 

1.645 

1,96 

2.327 

2.575 

!  ’  -  )  for  ^  <  I 

F(V;  +  £'  •^  GC';)  for  f  <  x  <  F^"^'(  urj) 
F I  - ) 


(;?.?-3»2) 


for 

j<-: 

^^(G(V;) 

<  X  , 

for  all 

and  CO 

jicluoe 

-1) 

(s)  1 

ii\  - 

•  a[F^‘  ^ 

^s).;  > 

for 

0  <  a 

<  F(r) 

1  •  1 

sen 

for 

Fcn  i 

6  <  G(V 

for 

VI 

s  <  1  » 

and 

7  ^ 

6  < 

1, 

for 

o' < 

3  < 

7 

for 

7  - 

3  < 

y  +  t 

for 

V 

+  6 

<  s  <  1 

> 

as  indicated  in  Figure  2  and  then  rev^rlte  (2*2»5*2)  In  the  forra 

(Cv  .30)  p[f(X)<8  I  Gj  >  A^^^^Cs).  whore 

V  -  FQ).  y  ♦  &  •  G(f). 


/ 


V  > 


■+4 


.'^i'  .  U  aL 
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Since  the  test  statistic  is  monotone  in  the  sense  of 

Chapman  [2]  and  has  structure  (d) ,  it  follows  from  a  theorem  in 
C2],  po  657*  that  the  povjsr  of  test  (2»2.1.3)  of  hypothesis  F 
against  alternative  G  is  greater  than  or  equal  to  its  power  of 
F  against  alternative  that  this  latter  power  is  a 

sharp  lov;er  bound  for  the  power  for  given  'y  »  F(|)  and  +  6  ■  G(f)- 


Without  loss  of  generality  v;e  may  now  replace  F(.x)by  the 
uniform  distribution  E(s)  on  (0,1)  and  L,  c(x!)by  the  distribution 

T»° 

function  5(3)  on  (0»1)*  The  power  of  our  test  of  R  against 
g  v;ill  be  the  lower  bound  fot'  its  power  for  F  against  G  such 
•3hat  F(s)  <  G(s)  for  all  real  G,  and  F(^)  ■  y  and 
^(f)  ■  F(f)  +  for  some  ^  • 

Wiile  it  is  difficult  to  compute  the  exact  power  for  finite 
sample  size  n  of  the  P-test  for  hypothesis  R  against  alternative 
"^76*  the  asymptotic  power  for  n  -•  od  can  be  easily  computed  in  the 
■following  manner* 

The  expectation  and  variance  of  X  under  the  alternative  are 


E(Xi  -  ^(1  -  b^) 

0 

The  statistic  has  therefore  under  the  alternative  exi)ectation 


and  varii.nca 
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S,4>  -  -  VJ" 

(2.2. 3. 5) 

(r^(U*  ;  «  1  -  127&^  +  66^  -  45^  -  36^  . 

According  to  the  central  limit  theorem  is  asymptotically 
normal  and  in  view  of  (2. 2. 3. 5)  we  have 


(2. 2. 3. 6) 


lim  Pf 

“■*“  \/l-12^6^+  66^  -  4.6’  -  36* 


<  s;  A 


For  6  ■  0  one  has  A^  6  "  (2. 2. 3. 6)  becomes 


lim  P  { 
n-»oo 


<  s 


and,  for  ^  determined  by  (2. 2. 1.2)  one  has 


-U 

-  lim  P  {  U*  <  -  u  ^ :  r'J  -  lim  -i-  / 

n^oo  "  ^  n-»oo  v'5n  / 


«  1-2 

lim  -i-  /  e  ^  dt 

n-»oo  v'Sn 

•00 
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wit  h 


+00  ^2 
C 

^  J 


dt  “  a 


n,o 


For  6  >  0  and  „  determined  by  (2. 2. 1.2)  one  obtains 
from  (2.2.3 .6} 


u!  +  6 


^  +  V5n  6 


nioo^^v/l-12»j6^+  66^-46^-  36^  ^1-127^6^+  6&^-  46^-  36^  *  *7* 


12^6* 


lim 
n-»oo 


-00 


-s! 

e  dt 


where  — . 

b  -  •"*"-» 

”  V  1-1276^+  66*-  46^-  36* 


This  expression  for  the  asymptotic  power  of  our  test  against 
j  shows  that  the  test  is  consistent  against  every 


one-sided  alternative. 

The  results  of  this  and  of  the  next  section  are  not 
new.  Equivalent  statements  have  been  obtained  by  Chapman 
[2,  expressions  (46),  (47)3,  who  reports  that  the  test 
discussed  here  has  been  previously  proposed  by  L.  E.  Koses. 


2o2«4'>  Upper  bound  for  the  power. 

By  an  argument  similar  to  that  in  the  preceding  section, 
one  can  show  that  if  the  test  (2 ,2. 1.3)  is  applied  to  the 
hypothesis  F  and  the  alternative  G  in  {2«2o3el)  its 
power  is  not  greater  than  it  is  when  that  test  is  applied 
to  hypothesis  F  and  the  alternativeo 
(2.2.4ol)  “  minfF{x)  +  6^  l]  , 

which  ascribes  the  discrete  probability  6  to  the  value 
-CO  ,  Without  loss  of  generality  one  may  replace  F  and 
Mg  by  the  uniform  distribution  R(s)  on  the  unit  interval 
and  the  distribution 

f  0  for  8  <  0 

(2. 2,4. 2)  Bg(8)  -^s  +  6  for0<8<l-& 

{^1  for  1  -  6  <  s 

respectively,  so  that  the  power  of  our  test  for  R  against 
Bg  is  the  upper  bound  for  its  power  for  any  F  in  J~i  2 


against  an  alternative  (2,2, 3,1),  Again,  we  derive  an 
asymptotic  expression  for  the  power  for  R  against  Bg, 
computing 

E(Xj  Bg)  -  -1(1  -  6)2 


(2o2o4.3) 


r^(X;  Bg)  -  ^(1  -  6)^(1  +  36) 


by 


hence 


E(U*i  Bg)  -  -  ,‘3n6(2  -  6) 
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and  observing  that  U*  is,  under  alternative 

asymptotically  normal  with  expectation  and  variance 
(2. 2. 4.4) «  The  power  of  the  test  (2. 2. 1,3)  for  R  against 
is  therefore  for  large  n  asymptotically 


-oo 


where 

-Ujj  V3n  6(2  -  6) 

(1  -  6)  V(1  -  6)(1  +  36) 


2o2.5«  The  two-sided  T-test. 

We  consider  a  hypothesis  ¥  tfl  2  and  an  alternative 
G  3  ^2»  agree  to  reject  F  when 


(2.2, 5ol) 


p 


Prom  (2o2,l.l}  and  (2. 2. 1.2)  follows  that  (2. 2. 5.1)  defines 
a  test  of  size  a. 

To  study  the  power  of  this  test  we  consider  the 
expectation  and  the  variance  of  F(x)  under  the  alternative 


G 


E^CF) 


+00 


F(x)dG(x} 


-00 


CTqIf) 


+00 

I  F2(x)dG(x)  -  E^(F), 
—oo 
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make  the  assvunptlon 

0  <  (TqCF)  <  CO 
and  note  that 

Ep(F)-|.  (r|(F)-45. 

By  viz*tue  of  the  central  limit  theorem  the  random  variable 


T  -  Eq{F) 


Vn 


tends  in  distribution  to  the  norioaliaed  normal  random 
variable o 

In  view  of  (2.1.3)  and  (2. 2. 5.1)  we  have 

P  (lU*I  <  -  P{>/l2Pil?  -  ^1  <  g]  - 

-  P  {s/127i|T  -  Eq(F)  -  C|  -  Eq(F)]  I  <  u^^oj  g]  “ 

-  E„{F)]  -  %  a  y  •  Eq(F)  -  Eq(F)  ]+ 

-  P - ^ 1 ^  <  ■■  M  - 1 

(.  >/i2  (TqIF)  TgCF)  vis 


and  this  is  asymptotically  equal  to 


■  n 


n 


Mfi 


*•15“’ 


and  Zjj  is  such  that 

H 

1 

"a 

1 

From  (2..2o5o2)  one  concludes  that  P  {  |U*|  <  ® 

with  n  -♦  00  for  every  alternative  G  such  that 
(2. 2, 5. 3)  ^  *1  . 

so  that  the  two-sided  7  test  (2o2,5«l)  is  consistent  against 
every  alteroative  G  c  *^^2  satisfying  {2o2e5«3)«> 

3c  The  median-F  statistic, 

3 cl  Definitions  and  basic  properties  of  the  statistic 
Let  X2»  ^2nH-l  ® 

(an  odd  integer)  of  a  random  variable  X  which  has  c,d,f. 
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F  e  A  2 ,  and  X »  <  X»  <  •  • .  <  X^^j^  <  “ » <  X » the 

corresponding  ordered  sample,  so  that  X^^  is  the 
sample-median.  Then 


4 


F{X[) 


U, 


F(X») 


4+1  - 


«  o  o  Tl t 

»^2m+l 


is  an  ordered  sample  of  a  random  variable  U  which  has 
\inifonp.  distribution  on  (0,  1) ,  and  the  median  of 


that  sample.  It  is  well  known  that  the  Cod.f. 


(3.1.1)  <  sj 


-  12aiiU  f  .“(i  -  u)"'<iu 

(m!)^  J 


B  (m+l,m+l) 
B(m+l,m+l} 


where  3  and  are  the  beta-function  and  the  incomplete 
beta-function,  that  therefore 


(3.i.a)  r^tWiTR^  • 


and  that  the  nonnalized  randoia  variable 


{3.1o3) 


'■’2»fi '  2  '“i  1  - 1>  -  2>®fia(i,’^i)  -  -li 


converges  in  distribution  to  the  normalized  normal  variable. 
The  statistic  *^2m+l  (3»1»3)  offers  obvious 

advantages  in  practical  use:  it  is  a  statistic  of 

structure  (d),  hence  is  distribution-free  w.r.t. 

if  X  has  c.d.f.  F  then  the  probability  distribution 


of  computed  exactly  for  m  small  from 

(3«lo3)  £ind  (3.I0I)  by  using  available  tables  of  the 
incomplete  beta-function;  for  m  large  the  probability 
distribution  of  M2m+1  approxiraated  by  the  nomalized 

1  \ 

normal  distribution;  the  statistic  ^*!2m+l  easily 
computed  for  given  sample  •“"s  ^2m+l  given  , 

since  all  one  has  to  evaluate  (or  even  only  to  know)  iuS 
the  sample  median  and  the  value  ■> 


3o2a  The  median-F  testRo 


3=2olo  The  one-sided  test./ 

To  test  the  hypothesis  H  against  the  alternative  A 
described  in  2.. 2 cl.,  we  determine  ^  so  that 


(3. 2, 1.1)  P  (  M 


2m+l 


(I 


m 


7  « p  r  M, 

.,a  1  '•  ( 


2m+l 


m 


and  reject  H  v/hen 


(3.2, 1.2)  ^‘2m+l  ^  r,,a  ' 

This  test  Clearly  has  size  &  . 

3  .3  .,2,  Tabulation  of  critical  values  V  . 

To  obtain  solutions  ^  of  eGi:>£tion  i3.2,lcl}  ..  this 

equation  may  be  written  5n  the  foiiu 


c; 


•3.8. 


which,  under  the  hyootaesia,  and  in  view  of  (Jol.l)  ie 
equivalent  with 


•,htr  v-.iluy  "1:.^  -  4.  .;dr  ue  ocftiiiecJ  li\'  invtTse 

..nt.erpc  ,  t.  t  r  -n  tht  ?  of  thir  Inc....  iete  beta 

iunciicn  'u.  <  to  value.';  p;  'ir  o  J  jn  tbi.'.-  li  were  calculated 
t>y  lu'in^,  n^,' s  ir.ter,  .  1  t  u  n  t'uiaui  >4  cor^ree  4  aad 

:;olvlnt'  vi.  usiltir.;?;  t-iu.a'..  i  .>n  ly  ■  ».-thod„ 
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TAHLE  II 


p 

Values  dr  _  „  such  that 
n^a 

>  y.  ,a  1  - 

o; 

2m+lK. 

•s 

.05 

u\ 

CM 

o 

e 

.01 

.005 

19 

1«56845 

1.84257 

2.14498 

2.33986 

29 

1.59396 

1,88:L42 

2.20428 

2.41629 

39 

1,60670 

1.90094 

2.23437 

2.45539 

49 

1.61435 

1,91268 

2.25255 

2.47899 

59 

1.61943 

1.92054 

2.26470 

2.49486 

69 

1.62308 

1.92615 

2.27341 

2.50633 

79 

1.62579 

1.93036 

2.27995 

2.51480 

89 

1.62793 

1.93363 

2.28510 

2.52140 

99 

1,62962 

1,93626 

2.28906 

2.52677 

00 

1.645 

1.96 

2.327 

2.575 

3e2^3<>  Consistence  of  the  median-F  test. 


Let  the  hypothesis  F  and  the  alternative  G  both 
be  in  >Of2t  and  let  their  medians  be 

(3. 2. 3.1)  ,  Uq  -  . 

The  probability  of  rejection  when  test  (3o2ol.2)  is  used  is 


Itfe  define 


V„  -  -  ’-fd&r-  )] 

“  2  2^b+1 


(3i2.3.2) 


Y- GCF^-^^i)]  -  lim  "V; , 

m-HJO 


oince,  under  alternative  G,  the  random  variable  G(X) 
has  uniform  distribution  on  (0,  1),  the  random  variable 

'"edian  of  a  sample  of  size  2m  +  1  of  such 
a  uniformly  distributed  random  variable  and  by  a  well-known 
theorem  (e.g.  [31  p.  369)  has  asymptotically  normal  distribu¬ 
tion  with  eiqjectation  ^  and  variance  ,  The 

probability  of  rejection  is  therefore  asymptotically 


-  ■|)2V2m+i 

.  { 

-  s^/2 

-L 

e  1 

-00 

-  i' 

2V2  m+l  • 

ds  . 


m-*oo  f  and  since  ^  'I  equivalent  with  Up  >  Uq 

we  conclude  that  test  (3. 2. 1.2)  is  consistent  for  every 
alternative  G  such  that  Uq  <  Up  • 


3 >2 .4.  Lower  bound  for  the  power 

Using  the  assumptions  and  notations  of  2.2.3  and  noting 
that  the  statistic  M2m+1  monotone  and  has  structure 

(d) ,  we  conclude  as  in  2.2.3  that  a  sharp  lower  bound  for 
the  one-sided  test  defined  by  (3. 2. 1.2)  for  given  ^  and 
6  is  obtained  by  choosing  as  hypothesis  the  uniform  c.d.f. 
R(s)  on  (0,1)  and  as  alternative  the  c.d.f.  ^(s) 
defined  in  2.2.3.  Again,  the  exact  power  in  this  case  for 
finite  sample  size  appears  to  be  difficult  to  compute, but 
an  asymptotic  expression  can  be  obtained  as  follows. 

If  the  random  variable  V  has  the  c.d.f „  A^g(s), 

and  V^,  ...,  ^^m+l  ordered  sample  of  V, 

then  the  sample  median  has  the  c.d.f. 
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2nH-l 

£  (2m+l)vi(3^  .  yj2m+l-i  f or  0  <  v  <  y 

i-m+l 


ffvi+i  S  »|A.  j]  -  £  (  rj* 

i“m+l 


2m+l-i 


for  V  <  9  +  6 


2m-!-l 


v)  f or  y  +  6  <  V  <  1 


Since  now  (3. 1*3)  becomes 


«2rt  - 

we  obtain  for  the  power  of  the  test  (3*2. 1.2)  the  expression 

f  <  -  *..«  1*7.4  -  •>  <  5  -  ^=-  I*,, 5  ? 

If  '>^  <  ^  <  1  ^  t  then  this  becomes 


2in+l 


2m+l-i 


i*m+l 


and  this,  for  m  -»  00,  is  asymptotically  equal  to 
(3o2.4.1)  I  a  •  ds 


0. 


23 


where 

d  -  “  (2m<-l)  j-  6)  ^ 

^  V  (2in+l){7+  6)(1  -  7-  6) 

It  is  clear  that  for  m  -*  oo  the  expression  (3 *2. 4.1)  tends 
to  1  when  *7  +  6  >  and  to  0  when  7  +  6  <  ^  . 

3*2.5*  The  two-sided  medlan-F  test. 

The  test  with  the  region  of  rejection  defined  by 

(3.2.5.11  >  y„  « 

clearly  has  size  a  ,  so  that  the  values  under  headings  .025 
and  .005  In  Table  XI  may  be  used  to  apply  the  two-sided  test 
(3*2.5.!)  on  the  .05  and  .01  levels  of  significanse.  An 
argument  analogous  to  that  in  section  3*2.3  shows  that,  for 
hypothesis  F  and  alternative  0  both  in  »rX2>  test 

is  consistent  if  Up  Uq  o 
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